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Consider the category which has as objects pairs (R, a) consisting of a ring R 
and a two-sided ideal a of R; a morphism f: (R, a) + (R’, a’) is just a ring 
homomorphism f : R + R’ satisfying f(a) C a’. The category will be called the 
category of ideals. The category of rings is isomorphic with the full subcategory 
of pairs (R, R). 
Relativizing a functor G from rings to groups means extending G to the 
category of ideals in such a way that 
G(R, a) + G(R) --f G(R/a) 
is exact and natural in (R, a). Obviously there are many ways to relativize a 
functor: if G carries the ring 0 to the group 1, one can simply take the kernel 
G(R, a) = Ker(G(R) -+ G(R/a)) 
as one actually does in the case of GL, the general linear group. 
Another method has been introduced by Stein [lo]. His method gives the 
“right” relativizations of K, , Kr , GL, and E (the elementary subgroup of GL), 
and also the “usual” relativizations of K, and St (the Steinberg group), e.g., 
as they are defined in [9]. In [l l] S wan showed, however, that the usual rela- 
tivization of Ka is not the right one: there cannot exist a functor Ka such that 
there is a natural exact sequence 
K,(R) - &(RIa) - K,(R, a) - K,(R) - K,(RIa). (*) 
Nowadays in algebraic K-theory we have such a functor K3 and a relative K2; 
we even have functors K, , n > 3, and their relativizations with the property 
that (*) can be extended infinitely to the left. Naturally the problem arises of 
finding a description of this relative K, in terms of the absolute K, . Of course 
this problem is closely related to a similar problem for the Steinberg group. 
This last problem is solved in Section 5, where I use non-abelian-derived 
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functors as they are constructed in [4] or [5]. A presentation of the relative 
Steinberg group is given in Theorem 12. This theorem has also been proved, 
simultaneously and independently, by J.-L. Loday (“Cohomologie et groupes 
de Steinberg relatifs”). Since only 0th derived functors are considered, I give a 
brief reformulation of the part of the theory that is needed here. Note that the 
higher K-theory of [5] is equivalent with the Quillen K-theory for rings, which 
uses the so-called plus-construction. This equivalence was proved in [3]; see 
also [6], where the relative K-groups are considered as well. 
Many of the results obtained so far for the correct relative K, concern spZit 
ideals a C R, i.e., ideals for which the natural projection R + R/a admits a 
section. In that case it follows from (*) that K&R, a) is just the kernel of 
K,(R) - K,(R/a). I generalize two of these results so as to include the nonsplit 
case also: in Section 6 Swan’s results in [l l] on the failure of excision for K,; in 
Section 7 Maazen and Stienstra’s presentation of the K, of a split radical ideal [7]. 
I use the language of algebraic categories, these being categories which are 
monadic over the category of sets in the terminology of [8]. The only algebraic 
categories we consider in Sections 5, 6, and 7 are the categories 9? of rings (not 
necessarily with a unit element), 94 of groups, and Gnci of sets. The reader, who 
is only interested in the application of the first four sections to algebraic 
K-theory, may very well consider only these three categories instead of the 
general notion of algebraic category, the concepts of universal algebra used 
being clear in these special cases. 
1. CONGRUENCE RELATIONS AND EXACT DIAGRAMS 
DEFINITION. Let A be an object of an algebraic category ZZZ. A relatron C in 
A (i.e., a subset of A x A) is called a congruence relation if 
(i) C is an equivalence relation in A, 
(ii) C is an subalgebra of A x A. 
The set A/C of congruence classes inherits from A an algebra structure: 
condition (ii) makes it possible to define the algebra operations via representa- 
tives. In case & = 94, the category of groups, one has: 
LEMMA 1. A relation C in a group G is a congruence relation if and only if it is 
a subgroup of G x G which contains the diagonal. 
Proof. Only the “if’‘-part requires a proof. We have to prove symmetry and 
transitivity of a reflexive relation in G which is a subgroup of G x G. Symmetry 
follows from the identity 
(Y, 4 = (Y, Y) (x2 Y>” (4 4; 
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transitivity then follows from 
6% 4 = (Y, 4 (Y, x)-l (.? 4. 1 
Of course an analogous result holds in any algebraic category in which the 
group structure is part of the algebra structure, e.g., rings, modules. 
Congruence relations arise as follows. 
DEFINITION. For h: A - B a homomorphism in an algebraic category a 
congruence relation K(h) in A is defined as 
K(h) = {(x0 , Xl) E A x A 1 hx, = hx,}. 
Subalgebras of A x A which contain the diagonal arise as follows. 




in an algebraic category, satisfying fofo = f#’ = 1, , a subalgebra I(f) of 
A x A is defined as 
(So I(f) is the image of the homomorphism C + A x A induced by f. andf, .) 
If (1) satisfiesf,fO =fifo = 1, , we will abbreviate it as 
C&A 
Note that from Lemma 1 one deduces that in 294 the subalgebra I(f) actually 
is a congruence relation in A. 
DEFINITION. A diagram 
A’$A:A” 
in an algebraic category is called exact if 
(i) h is surjective, 
(ii) 1(f) = K(h). 
Condition (ii) is equivalent to the two conditions 
(ii)’ hf, = hfi , and 
(ii)” the homomorphism J : A’ + K(h), defined by J(x) = (fox,fix) for 
x E A’, is surjective. 
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DEFINITION. A diagram 
is said to commute if olfo = f,&, afi = f ;y, and f ‘Oc1 = yf O. 
Later there will be need for the following. 




in which x and h’ are surjective, the diagrams (,!I, #), (f, h), and (f “, h”) are exact, 
and I(a) is a transitive relation in A. Then the diagram (ar, v) is also exact. 
Proof. Condition (i) for exactness follows from the surjectivity of vh (= h”#). 
Condition (ii)‘, the identity qq, = qq , follows from ~4’ = pgh’ using the 
surjectivity of h’. We have to prove (ii)“. Let (a0 , al) E K(v). There exist b, , 
b, E B such that hbi = ai (i = 0, 1). Then (z/b0 , #b,) E K(h”), so there exists a 
c” E C” such that f id = #b, (i = 0, 1). S’ mce x is surjective there exists a 
c E C such that XC = c”. Then (clfic = #bi (i = 0, l), so (b, ,foc) and (fit, b,) 
are elements of K(#). By the exactness of the middle row diagram there exist 
b’ E B; (i = 0, 1) such that 
Bob;, = bo , P,bh ==foc, Bob; =fic, &b; = 6, . 
Then h’bh E A’ satisfies 
a,h’bb = a, and qh’bl, = hf,c, 
and h’b; E A’ satisfies 
ol,h’b; = hf,c (= hf,c) and ol,h’b; = a, . 
So (a, , hfoc) E I(a) and (hfoc, al) E I(a), and hence by transitivity of I(a) we have 
(a0 y 4 E 44 I 
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2. SPLIT DIAGRAMS 
DEFINITION. Let V be a category. A diagram in % 
A’ & A -1: A” 
satisfying hf, = hfi is called split (in %?) if there exist morphisms T: A” -+ A and 
CT: A - -4’ such that 
hT = 1,“) f,,a = Th, and flu= 1,. 
The pair (a, T) will be called a splitting for (f, h). 
The relationship between the notions “split” and “exact” in the categories 
L/M and 9,~ is described in the following two lemmas. 
LEMMA 3. Exact diagrams in 8*~d are split. 
Proof. Let 
be an exact diagram of sets. Since h is surjective it has a section T: A” --f A. Let 
q~: A + K(h) be defined by v(a) = (Tha, a) for a E A. The map f : A’ + K(h) 
induced by f. and fi is surjective, and therefore has a section p: K(h) + A’. 
Now (py, T) is a splitting for (f, h). 1 
LEMMA 4. Diagrams in 94, which are split as diagrams in 8~~6, are exact. 
Proof. Let (u, T) be a splitting for the diagram 
Let (a0 , al) E K(h), and put b = Tha,, = Tha, . Then (b, a,J = (foua, , fiuuo) and 
(by a,) = (foual ,fiu4, so (6, a,), (6 al) ~4f), and hence (a,, , 4~J(f) by 
Lemma 1 and the remark following the definition of I(f) above. 1 
The advantage of the notion “split” over the notion “exact” is explained by 
the following proposition. 
PROPOSITION 5. Let the diagram 





1 - C” -4 B” ----A”-1 
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be commutative in 33. The rows are exact in the ordinary sense and the column 
diagrams (f, r) and (g, s) are also exact. Assume, furthermore, that (f, r) and (g, s) 
have &w-splittings (p), 4) and (a, T), respectively, such that (11’0 = ~XI and 017 = &I?. 
Then the diagram (h, t) is exact. 
Proof. The splittings of (f, r) and (g, s) clearly induce a splitting for (12, t), 
which therefore is exact by Lemma 4. 1 
3. RIGHT EXACT FUNCTORS 
DEFINITION. A functor G: d--j ~128 between algebraic categories -4 and 9 
is said to be right exact if it preserves exact diagrams. 
Observe that any functor carries a split diagram into a split diagram. 
LEMMA 6. Any functor G: &JMJ - 274 is right exact. 
Proof. Use Lemmas 3 and 4 together with the above observation. 
EXAMPLE. The functor St: BJ / -+ 94 is right exact. (52~ denotes the category 
of rings with unit element; St(R) denotes the Steinberg group of R; see [9, 
p. 391). For let 
RI L R<R” 
be an exact diagram of rings. We have to show the exactness of 
St(R’) =f; St(R) h*, St(R”), 
where f* and h, are induced by f and h. Since St(R’) is generated by elements 
xij(r’), r’ E R’, the group I(f.+.) is generated by all elements 
Mfd), xij(fir’h r’ E R’, 
which are just the elements 
(x&d, xi&d, r1 E R such that hr, = hr, . 
On the other hand Ker(h,) is generated as a normal subgroup of St(R) by ele- 
ments ~(a), where a E Ker(h). 
Therefore K(h,) is generated by all elements 
h(r), xibh r E R, 
( 1 Y X&4)> a E Ker(h). 
From this the equality of I(h,) and K(h,) easily follows. l 
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The functor St: ,929 + 94 can be, extended to the category W of rings, not 
necessarily with unit element, as in fact can be done with any functor 
G: 922 + 94, which preserves finite products. The construction is as follows. 
Let R E B?. Then formally adjoin a unit element. The ring R+ thus obtained may 
be described in the following way: it is the additive group R x Z together with 
the multiplication 
(r, n) (Y’, n’) = (TY’ + rn’ + v’n, nn’) (r, I’ E R; n, n’ E Z). 
Then (0, 1) is the adjoined unit element. R+ has an augmentation E: Rf -tZ 
defined by E(Y, n) = n. G(R) is now defined as the kernel of G(E): G(R+) --f G[E). 
The preservation of finite products implies that the functor G: 2 - 99+, thus 
obtained is really an extension of G: 99 - <?A. 
PROPOSITION I. Let G: 2~ - 9’~ be a right exact functor, which preserves 
finite products, then its extension to 92 (as constructed above) is also right exact. 
Proof. Let R’ 3 R - R” be exact in 99, then the same holds for R’S * 
R+ --f R”-+. Consider the diagram 
G(R’+) --=a G(R+) -+ G(R”+) 
1 1 1 
G(Z) ==t;, G(Z) -i- G(Z) 
and apply Proposition 5. 1 
COROLLARY. St: 9 ---f 34 is right exact. 
4. RELATIONS WITH DERIVED FUNCTORS 
Let G: & + &#M, be a functor from an algebraic category s9 to the category 
8~3, of pointed sets. In [5] we defined nth derived functors L,G of G for n > 0. 
Here we will show that L,G is always right exact. The computation of (LOG) A 
for A E .aZ comes down to the following. For a set X let FX be the free algebra in 
A’ having X as a set of free generators. Construct an exact diagram 
FX,~FX~:A (1) 
in which do carries the set X0 into the set X1 . This is precisely the first step in 
the step by step construction of a free resolution as given in [5]. Next apply the 
functor G: 
GFX, Gd> GFX,, . 
Then (LOG) A = GFX,/I(Gd). 
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An exact diagram like (1) may even be constructed in -a functorial way: i.e., 
there is a diagram 
Fl =>F,-+I, (2) 
in the category of functors from .d to itself, such that 
is exact for all A E &. If in J& diagrams which are split in &+zzd are also exact, 
one can take F,, = F (more precisely: F applied to the underlying set of an 
algebra) and Fl = F2. In any case one can take F,, = F and F,A = FK(c,), where 
eA is the natural projection FA -+ A. Exactness of these diagrams is easily 
established. Using this observation we will prove: 
THEOREM 8. L,G is right exact. 
Proof. Take a functorial exact diagram (2). Let A’ =, A -+ A” be exact. 
According to Lemma 6 the diagrams GF,A’ 3 GF,A -+ GF,A” (i = 0, 1) are 
exact. Then application of Proposition 2 to the diagram 
GF,A + GF,A” 
u 
11 
GF,A’ =-=r GFoA -+ GF,A” 
yields an exact diagram 
(L,G) A’ s= (L,G) A - (L,G) A”. 1 
In [5] we also defined relative derived functors cong(&‘) -, 9~ of a functor 
G: s?’ --f 94, where cong(&) is the category of congruence relations in objects 
of &: objects are pairs (A, C) where A E .r9 and C a congruence relation in A; 
morphisms are congruence relation preserving homomorphisms. In [5] we used 
the (obviously) equivalent category of surjective homomorphisms in &. The 
0th relative derived functor can be computed as follows. Let (A, C) be an object 
of cong(&). Construct a diagram 
FX, ===s FX, -- A 
in which the row diagrams are exact and the vertical homomorphisms are 
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surjective. For an example, use the functorial exact diagrams. Then applying G: 
GFX, B GFX, 
1 1 
GFY, w GFYo 
and taking kernels of the vertical surjective group homomorphisms yield a 
diagram 
Then (L,G) (A, C) = G,/l(f). Th ere is an obvious exact sequence (L,G) (A, C) 
+ (L,G) A + (L,G) (A/C). Th is sequence can be extended to the left; for 
details see [5]. 
Also, this relative 0th derived functor satisfies a right exactness property. 
THEOREM 9. Given a commutative diagram in JZ? 
A’ w A - A” 
1 1 1 
A’jC’ = A/C - A”/ C” 
in which the vertical homomorphisms are the naturalprojections modulo the indicated 
congruence relations. Assume that the row diagrams are exact having splittings in 
8~ which commute with the vertical homomorphisms. Then the following diagram is 
also exact, 
(LP) (A’, @> => (-W) (A, C) --f (-W) (A”, G”). 
Proof. Take a functorial exact diagram like (2), and apply GF, (i - 0, 1): 
GF,A’ ======+ GFiA A GF,A” 
1 1 1 
GF,(A’/C’) ===+ GF,(A/C) - GF,(A”/C”) 
The row diagrams are exact by Lemma 6. The kernels of the vertical surjective 
homomorphisms form diagrams 
G; =t- Gi-+G; (i = 0, 1) 
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which are exact by Proposition 5. They fit into the diagram 
1 1 1 
(LOG) (N/C’) =a (LOG) (A/C) ---+ (LOG) F/C”) 
The bottom row diagram is exact by Proposition 2. 1 
5. THE RELATIVIZATION OF THE STEINBERG GROUP 
Let && be the category of Abelian groups. In [5] the functors K,: W -+ JZZ~ 
were defined as derived functors of the general linear group GL, i.e., 
K, = L,-,( GL) for II 3 3, 
and for n = I,2 by exactness of 
In [3] Gersten proved that the K, (as defined by Milnor) of a free ring is 0. 
Earlier, in [2], he proved analogous results for K,, and KI (see also [I, p. 6461). 
Since K, and KI are classically defined by exactness of 
l+K,+St+GL+K,+l, 
it follows that GL and St agree on free rings, and so, since derived functors are 
defined by means of free resolutions, 
and 
K,, = L&St) for n > 3 
L,(GL) = L,(St). 
Since St is right exact we have 
L,(GL) = St. 
Similarly, the 0th relative derived functors of GL and St are isomorphic; 
we refer to this functor as the relative Steinberg group. When C is a congruence 
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relation in a ring R corresponding to an ideal a, we write St(R, a) for St(R, C). 
Our objective is to give a presentation for St(R, a) in terms of generators and 
relations. From now on we assume that R has a unit element. 
Consider the commutative diagram 
R(cI)~ ==% R(a), --% R 
in which f is the natural projection, 
and 
R(a), = K(f) = @G, , x1) E R x R I f&J = f(%Nj 
R(a), = Go T x1 , 4 E R x R x R I f@o> = f@d =.f(d>- 
For the notation of homomorphisms we use here the following convention: 
A lower index i stands for deletion of the ith component; an upper index i stands 
for doubling the ith component. Application of Theorem 9 to the diagram above 
yields an exact diagram 
St(R(a), , Ker q2) * St(R(a), , Kerp,) --f St(R, a). 
Since q2 and p, are split (by q1 and p”, respectively) we actually have as a conse- 
quence of Proposition 5 an exact sequence 
Ker q2* =yk Kerp 1* A St(R, a), 
where q.+ and A.+ are induced by q and p, , respectively. Note that Ker p,, is 
the so-called Stein-relutivization of St, which also was the relative Steinberg 
group St(R, a) as defined by Milnor [9]. Th is relativization was invented by 
Stein [lo], see also [ll]. From what we have so far it follows that the Stein- 
relativization is too big: the normal subgroup Ker PO.+ has to be factored out. 
By exactness this normal subgroup corresponds to the congruence relation 
GM Ker qz* is generated by elements 
41*(t) %dOY 024 n’*(t)-’ (u E a, t E St(R(a),)). 
So I@.+) is generated by elements 
G70*41*w %i(O, 4 40*4:(t) -‘, q1*&t> 4014 q1*41*W) 
= (fJ”*po*(t) .%a 4p0*po*(V, %(O, 4t-l). 
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So as a normal subgroup Ker&, is generated by the elements 
and since the elements tp!&,.Jt)-1, t E St(R(a),) are just those of Ker pa, , 
we can describe Ker pox as the normal subgroup generated by all 
with s E Ker pa, and aE a. 
In fact they generate Ker&, as a subgroup, because they are central in St(R(a),): 
their image in GL(R( a),) is t rivial, since GL preserves pull-backs. These elements 
take a still simpler form if we use the following lemma. In the sequel CJI denotes 
the natural projection v: St---f E. 
LEMMA 10. Let R be a ring with unit element, a E R, b an ideal in R such that 
ab = ba = 0, s E Ker(St(R) 4 WV)), ~(4 = I+ (L). 
Then 
[St %5(41 = hdb5i)~ %1(41 
(where, since this element is central, the indices 1 and 2 may be replaced by any 
other pair k, 1 with k # I). 
Proof. Let 12 be such that v(s) E I&(R, b). Put y(s)-’ = I + (a&“). Then 




sxdj(a) s-l = [sxin(l) s--l, SX,~(U) s-l] = fi x,,@,~ + b,J, ~,~(a) 
Id=1 1 
= hi1 + hi) ~&d, +&>I 
= ~~n(bii) hn(l + b,J, x&)1 xin(-be> h&), G&)I 
= +@ii) x&) 4-hi) LGbd, x,,@)l 
= 44 L4bii)> ~&)I~ 
from which the lemma follows. 
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Substitute in this lemma R(a), for R, a x 0 for 6, and (0, u) for a. Then we 
obtain 
b, %(O> 41 = FMJ, (9, %IK4 41 
where (b, 0) is the ( j, i)-entry of v(s). 
Using the splitting of pi, : St(R(a),) + St(R) by& , a presentation of Ker pi, 
as a St(R)-group is easily found. It is precisely Swan’s presentation in [II] of 
the Stein-relativization of the Steinberg group. As generators take yij(a) = 
~(0, a), where a E a. A generator xij(r) of St(R) operates on Ker pi, by conjuga- 
tion with xij(y, r) in St(R(a),). 
PROPOSITION 11. A presentation of 
Ker(St(R(a), a St(R)) 
us a St(R)-group is us follows: generators are symbols 
YiM where a E a, i,jEN, i#j; 
defining relations are 
Y&) y,,(b) = Y& + b), 
[rid4 y&l = 1 
[rid4 ye(b)1 = y&b) 
44 * Yd4 = Yii(4 
Xii(~) . Yd4 = Ykd4 
x&) * Yj7c(Q) = YikW Y&) 
~(4 - Y&) = Y&-4 Y&) 
if i # 1 and j # k, 
if i f k, 
;f i # 1 and j # k, 
if i # k, 
if k f i. I 
Translation of the relation [xlz(b, 0), xai(O, u)] = 1 in these terms yields the 
relation 
cd9 . Y&) = y,,(b) Y&) Y,,(W). (*) 
THEOREM 12. A presentation of St(R, a) us a St(R)-group is us follows: 
generators are those of Proposition 11; de$ning relations are those of Proposition 11 
together with the relations of type (*). 
Also in this relative case we have the following. 
PROPOSITION 13. St(R, a) --f E(R, a) is a central extension. 
Proof. The homomorphism is clearly surjective. Let x E St(R, a) such that 
P)(X) = 1 E E(R, a) C E(R). Lift x to y E St(R(a), , 0 x a) C St(R(a),). Then 
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q’(y) = 1 E R(R( a), , 0 X Q) _C E(R(a),) and hence y is central in St(R(a),) and 
therefore also in St(R(a), , 0 x a). Since St(R(a), , 0 x a) + St(R, a) is 
surjective, x is central in St(R, a). 1 
6. A WEAK EXCISION PROPERTY FOR K, 
Let a and b be ideals of a ring R with unit element. Suppose a n b = 0, 
so that the following commutative square is Cartesian 
R p---f R/b 
R/a - R/a f b. 
Such a square fits in a diagram 
R(b), ========+ R-----+ R/b 
1 1 1 
Wa(a + b/a), - R/a --+ R/a + 6. 
By Theorem 9 we have an exact diagram 
W(b), , c) ===a St(R, a) + St(R/b, a + b/b), 
where c is the ideal of R(b), consisting of all pairs (a, , ur) with a, , a, E a, and 
a, - a, E 6, but then also a, - a, E a, and hence c consists of all (a, a) with 
a E a. Put C = Ker(St(R, a) ---f St(R/b, a + b/b)). We want to find generators 
for this group C. St(R(b), , c) is generated by elements 
s * Yii(U, 4 with s E St(R(b),) and a E a. 
So I@*) is generated by all 
Hence C is the normal subgroup of St(R, a) generated by the elements 
(Po*w . Yd4) h*(s) . Yii(-+ 
These are elements of K,(R, a) and since St(R) operates trivially on this group, 
C is also generated by all 
($1, w P,*(S) . Yii(4) Y&-a)* 
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The elements p,,(s)-’ p,,(s) of St(R) are just those which map to 1 in St(R/b). 
Therefore C is the (central) subgroup of St(R, a) generated by all 
(s ’ Y&N Yd--a), 
where s E Ker(St(R) - St(R/b)) an d a E a. Lift such an element to the following 
element of St(R(a), 0 X a): 
Since s E Ker(St(R) + St(R/b)), p”,(s) is an element of Ker(St(R(a),) - 
St(R(a),/pO(b)). From Lemma 10 one deduces 
where (b, b) is the ( j, i)-entry of v(&(s)). Th e image of this element in St(R, a) is 
(Xl,(b) . Y21(4) Yzd--a) (a, b E a). 
Hence C is generated by these elements. The following theorem was proved by 
Swan in [l l] for the Stein-relativization of K, (in stead of the correct relative IQ. 
THEOREM 14. Let a and b be ideals of a ring R with unit element, such that 
a n b = 0. Then the following sequence is exact, 
a/a2 @ b/b” 5 K,(R, a) + K,(RIb, a + b/b) --f 0, 
RC 
where Re = R @ Ron and 4 is given by +([a] @ [b]) = (x&b) * yzl(a)) yzl(-u). 
Proof. From the following commutative diagram with exact rows 
1 - K,(R, a) l ‘WC a) ------+ E(R, a> -1 
1 1 I- 
1 + K,(R/b, a i b/b) --+ St(R/b, a + b/b) --+ E(R/b, a + b/b) - 1 
it follows that the sequence 
1 + C-t K,(R, a) + K,(R/b, a + b/b) - 1 
is exact. Let the map #: a x b + &(A, a) be defined by #(a, b) = (x,,(b) . 
yzl(u))yzl(-a). We have to prove that $ factors through a/a2 gRe b/62, or 
equivalently that the following identities hold: 
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Cff; ;i ~1, ~2 E ai b, b, > b, E b; Y E R). Using the fact that elements of type 
are central m St(R, a) one easily proves identities (i) and (iii). Identities (v) 
and (vi) follow from (ii) and (iv). The proofs of (ii) and (iv) are similar. Here we 
prove only (iv): 
7. THE K, OF A RADICAL IDEAL 
Let R be a commutative ring and a an ideal of R. Let a E a and b E R, or 
a E R and b E a, and assume that 1 + ab is a unit in R. Then the following 
element is in Ker(K,(R) -+ K,(R/a)) 
(a, b), = +,1(-W + ab)-l) %A4 %1(b) x12(-4 + abY) w + ab)-l 
Between elements of this type the following relations hold 
{a, b), = (-b, -a);’ 
<a, b), <a, c>* = <a, b + c + ubc), 
(a, bc), = <4 c>* <UC> b>* (if a, b, or c E a). 
DEFINITION. Let R be a commutative ring, a an ideal of R. The abelian 
group D(R, a) is defined in terms of generators and relations as follows. Gene- 
rators are symbols 
<a, b) where (a, b) E (R x a) u (a x R), and 1 + ub is a unit of R. 
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Defining relations are 
(Dl) (a, b) = (4, -a)-’ 
(D2) (a, b) <a, c> = <a, b + c + abc) 
(D3) (a, bc) = (ab, c) (UC, b) (if a, b or c E a). 
There is an obvious homomorphism 6: D(R, a) + Ker(K,(R) + K,(R/a)). 
Maazen and Stienstra [7] prove that 6 is an isomorphism under the two condi- 
tions 
(i) a is a radical ideal of R, 
(ii) the homomorphism R + R/a splits. 
By a radical ideal we mean an ideal contained in the Jacobson radical. The last 
condition implies that K,(R, a) = Ker(K,(R) + K,(R/a)), so that under these 
conditions we have an isomorphism 
6: D(R, a) r K,(R, a). 
We prove that there is such an isomorphism in the nonsplit case also. 
THEOREM 15. Let R be a commutative ring with unit element and a a radical 
ideal in R. Then there is an isomorphism D(R, a) + K,(R, a), which sends (a, X) 
(a E a, x E R) to the image of ((0, a), (x, x))* E K2(R(a)l, 0 x a) in K,(R, a). 
Proof. Consider again the Cartesian square 




R A R/a. 
The ideal Ker p, (= 0 x a) is radical in R(a), , and moreover p, is split by p”. 
Therefore we have an isomorphism 
6: D(R(a), , 0 x a) r K,(R(a), ,0 x a) 
The kernel of K,(R(a)l , 0 x a) + K&R, a) is generated by all 
or in the ( , ),-notation 
((4 O)> (0, a)>* 
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So we have an isomorphism induced by 6, 
8: D(R(a), , 0 x a)/C-+ K,(R, a) 
where C is the subgroup generated by all 
((h Oh (0, a)> (a, b E a). 
The morphism p,: (R(a), , 0 x a) + (I?, a) induces a homomorphism 
P,,: W(a), , 0 x 4 - D(R a). 
Since C _C Ker pa, , po* induces a (surjective) homomorphism 
y: D(R(a)l, 0 x a)/C+ D(R, a). 
Generators of D(R(a), , 0 x a) are symbols 
and <to, 4, (x’, xl? 
where x’, x E R, x’ - x E a, a E a, and 1 + ax is a unit of R. 
From (D2) it follows that 
cl a), (x’, 4) <to, a), tx - x’, 0)) = ma), tx> 4) 
so that modulo C the element ((0, a), ( x’, x)) only depends on a and x. Similarly 
for ((x’, x), (0, a)). Th e e ement 1 represented by ((0, a), (x’, x)) will be denoted 
as [a, x]; the one represented by (( x’, x), (0, a)) as [x, a]. Clearly there is no 
ambiguity when also (x’, x) E 0 x a. Now D(R(a), , 0 x a)/C is generated by 
elements [a, b], where (a, b) E (R x a) u (a x R) and 1 + ab a unit of R. 
Under y a generator [a, b] maps to (a, b). In order to show that ‘p is an isomor- 
phism it suffices to prove that relations (Dl), (D2), and (D3) also hold for the 
symbols [a, b]. Relation (Dl) follows from 
((0, a), (b, b)) = ((4 -4, (0, -a))-’ (a E a, b E R). 
Relation (D2) follows from 
<to, 4, lb, 4) ((0, a), (c, 4) = ((0, a), (b + c, b + c + ubc)) 
((a, a), (0, 4) <(a, a), (0,~)) = <(a, a), (0, b + c + abc)) 
(if a E a) 
(if a $ a). 
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Relation (D3) follows from 
((0,4, (bc, W) = w4 (c, CD <(0,4, (4 4) 
((4 4, (0, 4) = w4, (c, 4) ((UC, UC), (0, b)j 
(if a E a) 
(if b E a). 
Since 8 and 9 are isomorphisms we have an isomorphism 
SC+: D(R, a) 5 &(I?, a). 1 
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